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INVISCID + IRROTATIONAL FLOW

POTENTIAL FLOW

“When a flow is both frictionless and irrotational, pleasant things happen. ™ —F M.

White, Fluid Mechanics 4th ed.

Once viscous effects are neglected ...

D
Equation of continuity: Ff +pV.q=0

. Dq 1
Momentum equation: — + —Vp =10
eq Di P

a g 1dp
2(2e0) 22

Energy equation: b (',-‘ 1t3)= v

Equation of state: p = pRT

Circulation: I" = f( g - ds.

The Kelvin's theorem: E = = d—p
Dt p

For incompressible flow or a barotropic flow where p = p(p) the right hand side
of Kelvin's theorem vanishes to yield

Dr 0
Dt

This tells us that the circulation under these conditions remains the same with
time. Now, let us analyze the flow with constant free stream which is the most
referred flow case in aerodynamics. Since the free stream is constant then its

circulation I = 0. The Stokes theorem states that

g-ds= )V xq-dA =0 (2.5)
foo=p

The integrand of the double integral must be zero in order to have Eq. 2.5 equal
to zero for arbitrary differential area element. This gives V x q = 0.

V x q =0, on the other hand, implies that the velocity vector q can be
obtained from the gradient of a scalar potential ¢, i.e.

q=V¢ (2.6)

Ref.: Chapter 2 of “Fundamentals of Unsteady Aerodynamics” Ulgen Giilcat
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COMPRESSIBLE FLOW DIFFERENTIAL EQUATION

M%ss-conservation equation: 5
%, . RN N XN 9 /) P
ot +V-Vp+pV-V=0= ot HVo B + V"0 =0

Assumption of Irrotational Flow

| | 1 2 VxV=VxVd=0
Equations of motion

Du  Ou ,:":» ---- ™ 1dp
Dt o VYT e
Dv  dv = 19p ov V.V Vp b V.V dp b V.V dp
Dt ot TV VU=, | ot 2 p ot 2 P ot 2 , —F)
Dw dw - 19 @
“w_ %LV v -2
Dt ot p Oz | L.
1) 2 2(BL TV ) 28 0 (VY 10 1bop o
) ot t \ Ot 2 p ) o2 ot \ 2 ) pdt pdpdt p Ot
oo V.V dp o0 V-V\ Vp dpVp ,Vp
- Vp 1[5 0\ - VAT 1[0 (V) - V2
v P (G) v ()] a [ () e (%)
1 [9?d o [V? 1[0 [V2 — V2
= (=) == (= )4V -V[— Vi =0
a? 5‘t2+3t(2)} aﬁ[at(2)+ (2)}+

1 [o0?® oV?2 - V2
2
”’—ﬂw+w+"'v(—)]=“
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LINEARIZATION : STEADY + UNSTEADY PROBLEMS

DIFFERENTIAL EQUATION®> V?& — — V-
Q \Y 2 | a2 + i +

COMPRESSIBLE FLOW 1 [92® V2 . V2
v(7)]-0

LINEARIZATION
(STEADY+UNSTEADY) > @ (z, 2;t) = U + €000 (7, 2) + €161 (2, 25 1)

?2"1‘ == ('i'ﬂ.r:l: + %zz) €0 + I:t.'-blI:r + ‘;“5153} €1

2 __ 2
6‘;; o Small perturbation
5 = beer method:
V2 Thickness & Steady
el 2U . P1e€1 problem (g,)
% V_z o TT2 2 "
V-V ( 2 ) = Uxozrto + U brzzr Unsteady problem (g,)
(dozz + Dozz) €0 + (P1zz + P122) €1 — u% (P110€1 + 2Unctizter + Us dozzeo + UZ drazer) =0

U

STEADY PROBLEM & (1 — M2.) Gozz + (022 =0

o —+ OO

2U 1
UNSTEADY PROBLEM = (1 - Mfc,) Przz + P12z — 2 1zt — anf?m =0 VZp =0
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COMPRESSIBLE FLOW

BOUNDARY CONDITION

Equation of the airfoil surface:

F(x,z:t) = z — zg(x)eqg — z1(z;t)er =0

Condition of flow in permanent contact with the surface:

DF
D = —z11€1 + V@ - VF = —z1461 + (Uso + Goz€0 + O12€1, Goz€0 + d1:€1) - (—Zoz€0 — 21261, 1) =0

¢02(z,0) = Uso z0z()
O12(x,0;t) = Usoz12(x; t) + 214(2; 1) | Unsteady-flow condition
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COMPRESSIBLE FLOW

FORMULATION OF THE PRESSURE COEFFICIENT

ao
> E = €104
\
2
% + @ + f @ = cte. = (Ux + €00z + €101, €000z + €101:) [vq’}g = Ufc. + 2U oo + 2UxP12€1
{
@) ) v ()
/dp Px/ Poc =p;.cf Px) _Px_7 (i)_"’ _ g (1)*
P Poc (F)‘ﬁ Poc T =1 \ P T=1\px
Poc P
1=1
U2 a2 = U2 a o°
Elfﬁlt + — + Um‘ﬁﬁ:[‘fﬂ + Um@lmfl + L) =—+4 = (e‘&e
2 — 1 2 "'f — 1 \\(\e‘a
oY
) 1=1 o
Q. P N . ‘q‘(\e
—) — 1| = =Usxdozeo — (1t + Usc 1z ) €1 O A
=1 |\px N
A\ S
: 655\0 edaQ
— = 2 m{;ﬁ'ﬂrfﬂ - (q&lt + Um@l:r}fl] (\Ge
P a?, /
-1 . =1 . .
£ _ i oPoz€o = (G120 + UscPrz) €1] ~l-—1 [UncPoz€o + (D16 + Uscthrz) €1]
j az, aZ_
P= P — _{1% [Ux-{i}ﬂzfﬂ + ['?-I:'lt + Uc:c:"ﬁl:t} El] 9
Poo 20 Gpu = —U—"ﬁ'ﬂr
= Cpoeg + Cpre1 = [Usc@ozeo + (016 + Uscthrz) 1] ——> 2
%P:x\UEE : Uﬁ Cpl = UQ (d}lt + U:x\"-;blr}
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1935: Theodore Theodorsen

REPORT No. 496

GENERAL THEORY ﬁF AERODYNAMIC INSTABILITY AND THE MECHANISM OF

FLUTTER
By TEEoDOEE THEQDORSEN
* In Theodorsen’'s approach, only three major b 2 A b |
simplifications are assumed: | i ’
— The flow is always attached, i.e. the motion’s ;
amplitude is small | _eb . | |
— The wing is a flat plate lab; eje | i
— The wake is flat Jcldstico charnéla
» The flat plate assumption is not problematic. In centro de X
fact Theodorsen worked on a flat plate with a gravedad h(t) |

control surface (3 d.o.f.s), so asymmetric wings

|
can also be handled. N
» If the motion is small (first assumption) then the <

flat wake assumption has little influence on the
results.
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UNSTEADY INCOMPRESSIBLE FLOW S
DIFFERENTIAL EQUATION + BOUNDARY CONDITIONS

V3¢, =0

Q Boundary condition: F (x,z;t) = 2 — €gzp () — €121 (23 t)
(*) WING IS A FLAT PLATE DF B aF

Dt — ot

Q Far Field: 61 =0 2°+2° = 0

+ VO -VF =|¢1;, (2,0) = 21t + U212

O Kutta condition at trailing edge: ) ATTACHED FLOW HYPOTHESIS VALID FOR SMALL MOTIONS

A +l('$’<I:')2 + L =cte

ar 2 _2@

___-%Cm - U

2
__________ pl = — 375 1t ocoWlex
T —C gz (Pt Usofrc)

&Cpl (b, D) =0= ﬂtﬁu (E}, {]) -+ Umﬁ(ﬁlm (b,{]) =0
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ELEMENTARY SOLUTIONS OF THE 2D LAPLACE EQUATION
2D VORTICES AT THE AIRFOIL AND THE WAKE \

A 2D Vortex singularity “y-dx” is an elementary solution of V2¢,=0 as the potential “d¢,” written
below that is induced by the 2D vortex satisfies the Laplace equation:

dpy = —Tigidxﬂ = —%arctan (I i f)

Vortices are distributed along the 2D section and the wake:

M2
b Yoo

. | . B | . I | . I |
S B S S S S S S S

T
Q=
i

N
M
o

profile wake region

W

e |2
[l

/M
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OVERVIEW OF THE B -
THEODORSEN’S APPROACH 7. &) =7,(5)e

7§ =7,(5e™
?1 (I,Z, f) = ';‘I?l (I, Z)E

________________

7. é"r) 1 TruEn ! 1 £7,6)
Q.. (x,0,t)=— I a EZ}[b x“—;’ dé—‘i—>¢),:(x,0)=—2jr_ﬁx_§d§__
S FATwAKE s ~ _ 1. e
IMPLICITLY ASSUMED 7, (e =—U—1&JFE =
dz,(x) _ (7 (Ek) . ikTe™ Te™ p
W 0:k) =ik, () + =L 2 e dé+ = -!x—é" &
lGoIdstein
) 1+ & w(&,0:k) ikTe™ ¢ A+1
7.(xk) 1+x[-[’,l—§ d§ +== jx 11/1 .«,m]
1
201 x 1+& w(&.,0,k) 1+&
_[:V (x)dx=T = "Tl\fl” \/ . ds‘d; / w(g-'nk)dg

Y o(x:K)

kT _[ 1—x _[ I ;re’*:k H(E}(k)ﬂH(z}(k)J
I+xd A-x\VA-1
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AC,; AS FUNCTION OF THE RUNNING CIRCULATION v,

o¢ 1 2 P 1
otV =gl T = O = (Gt Ut
2
ACp = Cpi = O = g [Use (61, = 1) + 01, — 011
_ 2 - U - 2 )
Alm = 7y [Uso (912 — 1) +iw (67 — ¢7)] = Uz (Um%(:r; k) + iwfb’}fa.(fﬂ;k)dif)

543"5 (w3 k) — of (z:k) = f_ T U k) — (6 kg = f_ Z‘}’a(ﬁ;k)dgi

______________________________________________________________________________

awéi; t dr)dz — u™ (z; t)dxr + w(z; t)dz ==

~ (ut (z:t) — u™ (2:1))dr = Adra(2:t) = Ya(T:t) = Adre(T:k) = Fulz: k)

Va(z: t)dr = u(z;t) T dr — (w(z;t) +
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AC,, AS FUNCTION OF THE AIRFOIL MOTION
l—x l+§ 1 _
B X ﬁc I(I k)_ ijk){\/ — A
AC ), =2[7a(x;k)+fkj7a(§;k)d§] S 1"‘-1' 1-& x=¢
Z1

1+&
H}[E}I(k) +ﬂ.'(l]+ :[Jl fnr(gkdé:

H”](k) +iH (k)

C(k)=

02} o (k) F(k)-l—l G(k) | : Al(x,§)=;ln{l_x'&'\h—f?\h—xE]

- xE— 1= &2 417

NS k=1.0 - —
k=05 AC,
X k=01 _

for the boundary conditionj
dz, (x)

Imaginary Part
I
=

w(x,0;k) =ikz,(x) +

1 1 1 1 1 | 1 1 1
0 0.1 02 03 04 0.5 06 07 08 09 |
Real Part

¢ Note: H?(k) are Hankel functions of the second kind that are expressed in terms of Besse
functions of the first and second type as  H> (k)= Jn(k)— i-Y (ks
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GENERALIZED FORCES AS INTEGRAL OF AC,,

dzi(§)
dg§

O Boundary condition (vertical speed): w(&;k) = ik - Z21(€) + Uso

3 Vertical displacement (to obtain w(&; k) ):

Z1(&5 k) = —h(k) — a(k) (§ —a) — (k) (£ —¢) H (£ —e)
3 Substituting in the equation for A, of previous slide:

ACp1 = ACp11 + ACp1a + ACy15

O The integration of Aépl leads to the generalized forces:
1
Qn = qmb/ AC,1(—1)dzr = gocb (—CL)
-1
1
Q. = qmbzf ACp(a — z)dx = 0ocb’Cirta
-1

1
Qs = qmbzf AC’FI (c —x)dx = 0D Cars
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CALCULATION OF GENERALIZED FORCES
TYPICAL SECTION WITH UPDATED NOMENCLATURE

A £
A\
LINEA DE FLEXION Kn
ESTACIONARIA
........................................................................... - }
# :, LINEA DE ROTACION
et N e .. ESTACONARIA
LINEA DE ANGULO DE ATAQUE \
ACIONARIO
= M K; 5.(1)
b -
) ﬁg'sz
'1 > >
c/2 c/2
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tn = C/?Um

3 DOFs “TYPICAL SECTION”: h(t), a(t), and §(t)

A1 = A3 — Ay
- NONCIRCULATORY TERMS = “APPARENT-MASS™
- : =
Qn (f) —E—Q?T t/_f; + tocy — Alto-ﬂ: — Etoé — I g5c i—
qu r__i'_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-_-::::::::::::::___-___-:___-___i _____ Q I_FSQ_[JJ:_AITORY TERMS
i toh 1 Tio T i
i—4ﬂ' C (k) {C/Q + o+ (2 Al) tocx + —00 + Qﬁto&g} i
Qo (k) toh (1 ) ( 2) 2
(C)Q = 2 -\ /3 5 Ay ) toce - 3 + A7 ) tia+
(~ B}
1
T —Ts — A1 Ty + =T
T, LT 1 8 a1ly 11, ATy 4T
+4+ 1056+ 9 tod. — a1y + 795 n
T T
(4.59)
1 toh 1 T Ty .
—|—4Tr(§—|-ﬁ1)c( ){%—i— —I—( A1)toa‘+$5c+2—;tnf5c}
s (k t2h 1 :
M { 2T1 /2 (TI + Ty (5 — Al) + QTQ) tocv + 4T13tééi‘
o 2
(~ (5)
2 T - T
+= (Ts = TyT) 6. — %t.ﬁc 2 %;5 } (4.60)
toh 1 T T
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T1to T14: GEOMETRICAL CHARACTERISTICS OF SECTION

T =—% (E—i-ﬁ%) \/1— A% + A3 -arccos Ag

Ta = Az (l — 1"'133) — (1 + 1"'133) 1 — Afarccos Az + Az (arccos Az)’

Ty = — (é + ﬁﬁ) (arc CDEﬂg}E + ifxg (T-I— 23‘1%) 1 — Afarccos A4

—é [1 - ﬁg) (531% + 4)

Ty = —arccos Ag + Agy/ 1 — A}

LINEA DE FLEXION Ky
i o 5
Ty = — (l — 1‘1%) — (arccos A3)” + 2A34/1 — AjarccosAs e i I >

Ty =T

Tr = (é"‘ﬂs) arc cos Ag + 1‘13 (7+243) 1- A3

1 3
TS:_E (2ﬁ3+1)\x1—ﬁ3+ﬁgarccosﬂ3
1 1 3y 3/2
T, =§[§ (1-a3) +ﬁ1T4]

Tio = 1;1—ﬁ§+arccn:rs.f‘13
T = {1—21‘13}3IECDS1‘13+{2—1*13}\."1—!L%

Tia=(2+ As) /1 — A3 — (2A3 + 1) arccos A3
1

1
Tis = —3 (Tr + AsiTh) Tyy=—+ 1’11-"‘13

16

LINEA DE ROTACION

n .. _ESTACIONARIA
LiNEA DE ANGULO DE
ARIO
ESTACION. . 5.t)
Aycf2
Aycf2
Agcf2
>
c/? c/?2
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QUASI-STEADY FORMULATION

( Motion at low reduced frequency, i.e., k<<1.
O Fung (1983) approach:

» Unsteadiness is retained exclusively in the boundary condition over the section.
» Approach valid for incompressible or subsonic flow.

Ecuacién diferencial Vidi(z,2,t) =0

Sobre el perfil—c/2 < & < ¢/2  P1.(x,0,t) = z14(x.t) + Uso212(x, t)
En el infinito 22 + 22 = ~ 1(x, z,t) = 0

En la estela = > ¢/2 A@1z(x,0,t) =0

Coeficiente de presion Cp1 = —%:}fﬂu (x,0,1)

(1 The vortices distribution is written as:

P12 (7 _ . . |
Ya a B 9 1 — 7 +1 Ucu (§ 01 k) J 1 ‘|‘£ . T {J;L} ik /_,._K, t':‘_?"l"“-:: J E 4+ 1
('.L, k) = — €
T -

>

*
*

I+ [/ T—¢&
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QUASI-STEADY FORMULATION /

- - - ng) e h s s |
3 Vertical motion (plunging or heaving): %(g;k) - _C/_02 fr; E.0:k) = —ik%
. O
1—7 +1 % /2 hg — T
___\/1—|—$[ \ £ £ d5_4kﬁ + &
4 Rotation/Torsion  2.(&;k) = (A1 —€) ao L€ 0k) = —ao + ik (A €) o

— 1—3 1 |1+ a+zkA S
s = A2 ﬁ’lf o+t~ _
— _;ﬂllJr [—1+ikAy — k(1 + )] mayg

3 Control surface rotaton ., ;,. | 0 E<hy 5, o £ <A
(E:k)_{ (AS_E)Scé::’AQ Um(ﬁagﬁk) { = . 2 3

_— 4 =3 (= 14+V1-32] -
ACp(:k) = — 1+§:{§+1H P }6c+ (4.80)
4 )\m [1-3 14+ 1—32 1—2| . »
—{= 1+2—A P — Ag)]l kb
N 71'{2 T3z L HE— M)+ (@A) % 1+:ﬁ}“L ¢
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